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1. Ivtropuerio

Bilateral symbolic shifts have becn used n dynamics to encode isomorphisms
and study ther dynamics. This is generally done by finding some converient fnite:
pastition of the space and wing the itinerary of poiats under the dynawics to
establish a conjugation with the symbolic shift space. The symbolic shift space i
the set of all the integer-indesed sequences of symbols from  nite set of syimbols
(or some shift-invariant subset of this set) an its dynamics s the shift operator
which shifs each sequence to the lf

Zip shifts are a generalization of bilateral symholic shifts that can be wsed o
corde noninvertible dynamics, introduced in (1] Instead of only one set of symbols,
we consider two different sets, which can be thought of as positive and nogative
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beliavior of the dynamics, while the negative symbols (or letiers) encode its back
ward behavior.

The i shits are local Bmeomorphiss ad e exgodic and mixing maps
quie similar in structure o the Bernoulli shifts. Morcaver, they have  chaotic

ey words and phrases, Motic cuvopy. Folding entopy, Zip shits, Disitration,
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Definition (Cylinder)

Giveni € Z,and s € {0, ...,n_ — 1} (ifi < 0) or s € {0, ... ,n, — 1}
(if i > 0), we define

Cl={x€Z, n |x=sh

Definition (Cylinder partitions)

_|Gilsefo,...,n, —1}} i20
" lics|sefo,....n_—1}} i<o.

Ci,...iv = \/ G;.

i<j<i’
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Lemma (Martins, —, Varao [2])

Foreveryi > 0,

1. Gi(eo) =C_y

2. TGy = €

3. a7H(C_(iy1)) = Cy;
4. €5 = Co,...n-1-
5

+n _
. 80 - e—n,...,n—l-
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Measure structureon %,

Definition (Measure)

Probability distribution

pt =, ..., p;+_1) e AM+—1
Pushforward by ¢ to p~ € A"-~1:
ps = Z pi.
re¢=1(s)

Define the measure mon £, , by

ps i<O0

m(C?) :=
@) pf i>0
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Hu(p) = Y —p;log(py).
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Hu(p) = Y —p;log(py).
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Let w € A", The w-weighted sum of n distributions ¢q' € Aki~1

i._ 0 0 n—1
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Shannon entropy

The (Shannon) entropy of a distribution p € A4~ is

d-1

Hu(p) = Y —p;log(py).
i=0

Let w € A", The w-weighted sum of n distributions ¢q' € Aki~1
P wig' = wod. ... . woql s+ Wua @ e W @ ).
1 (1 11 11 1 2 )

3\2°4° 4)69 (1,0) = (E’E’E’E’O

H, satisfies the weighted additivity property

HA( @ qu) Hp(w) + Z wiHa ().
ie[n]

P. G. Mattos Entropy of Bilateral Shift with Two Alphabets 23/42



Bilateral shifts Bilateral Shifts with Two Alphabets =~ Measure Entropy  Folding Entropy ~ Questions
00000 0000000000000 00@00000 0000000000 (e]e]

Measure entropy

References

The entropy of a partition 2 relative to a measure m is

H, (P) := D, —m(P)log(m(P)).
pPe?P
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Measure entropy

The entropy of a partition 2 relative to a measure m is

Hyo(P) = ), —m(P)log(m(P)).
Pep
The entropy of a dynamics f : X — Xrelative to 2 is
1 n
h,,,(f,?) == lim =H,,(P").
n—oco N
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The entropy of a partition 2 relative to a measure m is
Hyo(P) = ), —m(P)log(m(P)).
Pep
The entropy of a dynamics f : X — Xrelative to 2 is
1 n
h,,,(f,?) == lim =H,,(P").
n—oco N
The entropy of a dynamics f: X — Xis
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Entropy of partltlon by cylinders

Lemma (Martins, M—, Vario [2])

1. H,(Cy) = HA(p+);
2. Hy(C_1) = Ho(p™);
5 Hm(e—n,...,o,...,n’—l) = nHm(G—l) + anm(GO)-
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Kolmogorov-Sinai theorem

Theorem ([5, Theorem 9.2.1])

Let
* f: X — X be a measure-preserving transformation;
* (R)ren be an increasing sequence of partitions generating M.

Then
hm(f) = Y}Lm hm(fs‘,};t)
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Increasing sequence of partitions

Definition

= PIN —
Jn=Co" = Cp,.. . n-1-
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Increasing sequence of partitions

Definition

= PIN —
Jn=Co" = Cp,.. . n-1-

We want to calculate

.1
hm(o’ ‘IEL) = kh—>rgo EHm(:Ezk)a

so we need to calculate .
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Increasing sequence of partitions

Definition

B = C5" = Cop,n-
We want to calculate

hyn(, %) = Jim THu(B),
so we need to calculate .

Lemma (Martins, M—, Vario [2])

j;lk = Cp,...n+k-2 (forn>1, k > 2n).

Complicated proof.
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Measure entropy

Lemma (Martins, M—, Vario [2])
hy, (0, %) = Hp(Co)
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Measure entropy

Lemma (Martins, M—, Vario [2])
hy, (0, %) = Hp(Co)

Hm(j;lk) = Hm(e—n,...,n—1+k—1) = l’le((Z)_l) + (l’l +k— 1)Hm((‘,’0),
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Measure entropy

Lemma (Martins, M—, Vario [2])
hy, (0, %) = Hp(Co)

Proof.
Hpn(B) = Hu(Cn, . no14k-1) = "Hp(C_1) + (n + k — Hp(Cy),
therefore
hin(0,%) = Jim £H(%)
= H,,,(Cp). O
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Measure entropy

Theorem (Martins, M—, Varao [2])
hm(c) = Hm(eo)-
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Measure entropy

Theorem (Martins, M—, Varao [2])
hm(c) = Hm(eo)-

By Kolmogorov-Sinai and the lemmas,

hy, (o) = r}l—>n;10 hy, (o, %)
n— oo

= Hy(Co)- O
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Conditional entropy

Defined using the disintegration (mp:)prcp: of m with respect to ’.
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Conditional entropy

Defined using the disintegration (mp:)prcp: of m with respect to ’.

Definition (Rokhlin [3])

The conditional entropy of P with respect to P’ is

Ho(? 1 9)= [ty @l (@2,
P'ep’
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Conditional entropy

Defined using the disintegration (mp:)prcp: of m with respect to ’.

Definition (Rokhlin [3])
The conditional entropy of P with respect to P’ is

Ho(? 1 9)= [ty @l (@2,
P'ep’

For countable P, P’

Hy(P | P)= > >, —mPnP)log
PeP P'epP’

(“ner )

P. G. Mattos Entropy of Bilateral Shift with Two Alphabets 31/42



Bilateral shifts Bilateral Shifts with Two Alphabets =~ Measure Entropy  Folding Entropy  Questions References
00000 0000000000000 00000000 0000000000 (e]e]

Folding entropy

* Introduced by Ruelle in [4];
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Folding entropy

* Introduced by Ruelle in [4];

* Presented as a conditional entropy by Liu, Wu and Zhu in [1,
6].

P. G. Mattos Entropy of Bilateral Shift with Two Alphabets 32/42



Bll ltel 11 shifts Bllute Shltts \\lth Two Alphabets Measure Entropy  Folding Entropy ~ Questions References

00000000 0000000000

Foldlng entropy

* Introduced by Ruelle in [4];

* Presented as a conditional entropy by Liu, Wu and Zhu in [1,
6].

Given the atomic partition
={x}|x € X},
the folding entropy of f with respect to m is

F(f) =Hple | f71().
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Properties of the folding entropy

References

* F(f) < logn when f is n-to-1;
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Properties of the folding entropy

References

* F(f) < logn when f is n-to-1;
* F(f) = logn if the preimages are equally m-weighted;
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Properties of the folding entropy

References

* F(f) < logn when f is n-to-1;
* F(f) = logn if the preimages are equally m-weighted;
* F(f) = 0if fisinvertible.
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Folding entropy of (£, , ,0)

References

In our case

Hp(e | 07'(e)) = Hyp, (€l )n(dX),

xeo—1(e)
where

o R(S) i= (e s X238, X5 +er);
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Folding entropy of (£, , ,0)

References

In our case

Hy(e | 071(e)) = f H,p, (el (),

xeo—1(e)
where
o R(S) i= (e s X238, X5 +er);
* Xi=07M(x) = {x(5) | s € 7 (x_k;
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Folding entropy of (£, , ,0)

References

In our case

Hy(e | 071(e)) = f H,p, (el (),

xeo—1(e)

o R(S) i= (e s X238, X5 +er);
© X=07100) = {x(s) [s € ¢ (x_)k;
* 11 be the quotient measure of the partition o=1(¢).
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Disintegration

For each r € {0, ..., n_ — 1}, we define a distribution q" on ¢=1(r) by

v o.— p.;‘l_ —1
qs == ——= VS€¢ (}")

r
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Disintegration

For each r € {0, ..., n_ — 1}, we define a distribution q" on ¢=1(r) by

v o.— p.;‘l_ —1
qs == ——= VS€¢ (}")

r

pr= P prrq.

0<s<n_

Then
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Disintegration

For each r € {0, ..., n_ — 1}, we define a distribution q" on ¢=1(r) by

r._ b5 -1
qs == ——= VS€¢ (}’)

r

pr= P prrq.

0<s<n_

Then

0 1 2 3
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Disintegration

Proposition (Martins, —, Vardo [2])

The probability my, defined on X by

mz(X(S)}) = g5~

is the disintegration of m with respect to f~(¢).
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Disintegration

Proposition (Martins, —, Vardo [2])

The probability my, defined on X by

me({R(9)}) = g5
is the disintegration of m with respect to f~(¢).

Long but straighforward calculations.
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Folding entropy

Theorem (Martins, M—, Vario [2])

Flo)= D, Hal@)ps = Hpu(Co) — Hp(Cy).

0<s<n_
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Folding entropy

Theorem (Martins, M—, Vario [2])

Flo)= D, Hal@)ps = Hpu(Co) — Hp(Cy).

0<s<n_

Proof.

F(0) = Hp(e | 07(€))

— [ Hy,Elomad
xeo—1(e)

= > H,y,, (el¢)rin(d%)
0<s<n_ JYxeCs,

= Z Ha(q*)p5 - [
0<s<n_
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Folding entropy
The relation
S\p— —
2 Ha(@)ps = Hu(Co) = Hp(C-1)
0<s<n_

is true
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Folding entropy

References

The relation
D Ha(g)ps = Hyu(€o) — Hp(C_y)
0<s<n_

is true because

pt= P rrd

0<s<n_
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Folding entropy

References

The relation

> Ha(@)ps = Hpu(Co) — Hp(C_y)

0<s<n_

is true because
+ _ — ST
pr= P prrq.
0<s<n_

hence
Ha(p™) = Ha(p?) + Z Ha(q°)ps -

0<s<n_
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Relation of measure entropy and folding
entropy

References

Since h,,(0) = H,,(C,), if follows that
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Relation of measure entropy and folding
entropy

Since h,,(0) = H,,(C,), if follows that
Theorem (Martins, M—, Vario [2])

hy(0) = F(0) + Hp(C_p).
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Section 5

Questions
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Further questions

1. Is the system (Z,,_,, ,0) conjugate to some known dynamics?
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Further questions

1. Is the system (Z,,_,, ,0) conjugate to some known dynamics?

2. In particular, is it conjugate to some standard unilateral shift?
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Further questions

1. Is the system (Z,,_,, ,0) conjugate to some known dynamics?
2. In particular, is it conjugate to some standard unilateral shift?

3. What are other examples of endomorphisms which can be
conjugated with (Z,_,,,0)?
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