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Manifold
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Switching manifold
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Piecewise smooth vector field
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Piecewise smooth vector field
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Piecewise smooth vector field
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Crossing region
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Crossing region
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Sliding region

Z‘SS
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Sliding region

ZuS
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Tangent region
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Sliding vector field

FS
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Orbits of a PSVF

2 F®
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Devaney chaos

Definition (Devaney [4])

A continuous map f : X — X on a metric space is chaotic when
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Devaney chaos

Definition (Devaney [4])

A continuous map f : X — X on a metric space is chaotic when
1. it s transitive
2. periodic orbits are dense

3. it is sensitive to initial conditions

Theorem (Banks et al. [2])

For a continuous map f : X — X on a metric space:
1 and 2 implies 3.
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Transitivity

Definition

F is topologically transitive when, given any two non-empty open
sets U and V of M, there exists a Filippov orbit from a point of U to a
point of V.
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Transitive examples

(1) Bean model

(2) Sphere model
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Sensitivity

Definition

F is sensitive (to initial conditions) when there exists a fixed § > 0
such that, for any non-empty open set U, there exist points x,y € U,
Filippov orbits y, and y, which start at x and y, respectively, and
some time ¢ > 0 such that d(y,(¢), 7,(¢)) > 6.

(D)

4 Yx i
7 (D)
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Non-deterministic chaos

Definition (Based on Devaney [4])

F is chaotic when

1. it is transitive
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Non-deterministic chaos

Definition (Based on Devaney [4])

F'is chaotic when
1. itis transitive
2. periodic orbits are dense
3. itis sensitive

P. G. Mattos Non-Deterministic Chaos for PSVFs 21/38



Chaos
0000000

Non-deterministic chaos

Definition (Based on Devaney [4])

F is chaotic when
1. itis transitive
2. periodic orbits are dense

3. it is senmsitive

Theorem (Euzébio, M—, Vario [6])

For F a 2-dimensional Filippov PSVF with 25 # (:
F transitive = F chaotic.
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Artificial transitivity?

(1) Bean model

(2) Sphere model
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Why orbit spaces?
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Why orbit spaces?

* Disentangle orbits
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* Disentangle orbits

* Recover uniqueness of solutions
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* Disentangle orbits
* Recover uniqueness of solutions

* Study global properties of the dynamics
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Why orbit spaces?

* Disentangle orbits

* Recover uniqueness of solutions

Study global properties of the dynamics

* Motivation: endomorphisms
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Orbit space
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Orbit space
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Orbit space
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Orbit space
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Orbit space flow
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Orbit space flow
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Orbit space flow
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Orbit space flow
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Orbit space flow
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Orbit space flow
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Orbit space and flow

The orbit space is

M = {y: R - M maximal orbit of F}.
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Orbit space and flow

The orbit space is

M = {y: R - M maximal orbit of F}.

The orbit space flow is

&: RxM—M
ENr— @) R— M
s +—> y(t +9).
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Distance on the orbit space

The integral distance on M is

d: MxM— R
i+1
d(vo. 1) =, d(y(t), (D)) dt.

i€Z

1
2li 5
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Topological properties

Theorem (Antunes, Carvalho, and Vario [1])

The flow @ is continuous.

Theorem (Gomide, M—, Vario [7])

The orbit space M is
* separable
* Baire

* perfect (has no isolated points)
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Topological properties

Theorem (Antunes, Carvalho, and Vario [1])

The flow @ is continuous.

Theorem (Gomide, M—, Vario [7])

The orbit space M is
* separable
* Baire

* perfect (has no isolated points)

Theorem (Gomide, M—, Varao [7])

@ is topologically transitive < there exists a dense orbit.
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Tangent points are connected

(1) Bean model

(2) Sphere model
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Transitivity above and below

Theorem (Gomide, M—, Vario [7])

® is transitive = F is transitive.
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Transitivity above and below

Theorem (Gomide, M—, Vario [7])

® is transitive = F is transitive.

Theorem (Gomide, M—, Vario [7])

Suppose X' is finite and there is 7 C X' such that:
1. Tangent points of J are connected;

2. Orbits reaches J on positive time;
3. Orbits reaches J on negative time.

Then @ is topologically transitive.
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Topological entropy of PSVF

Definition (Antunes, Carvalho, and Varao [1])

The topological entropy of F is the entropy of the orbit space flow ®:

h(F) := h(®).
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Entropy estimation

Theorem (Euzébio, M—, Vario [6])

Let F be a 2-dimensional Filippov PSVF with X5 * @.
If F is transitive, then h(F) > 0.
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